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Abstract
The response of a single tuned circuit to a driving current having a sudden jump in
frequency is calculated. The response desired is the instantaneous frequency of the
resultant voltage, and the important characteristics of the response are the rise time
from 10 percent to 90 percent of final response and maximum overshoot.
It is found that the rise time and overshoot depend upon the size of the frequency
jump and the position of the initial and final frequencies with respect to the center fre-
quency of the tuned circuit. The slowest rise occurs when the jump is very small and
near the center frequency. The rise time is then the same as in the case of double
sideband AM. Larger jumps and decentering of the driving frequencies give rise to
shorter rise times and possibly larger overshoots. The conclusion is drawn from these
results that FM compares favorably with double sideband AM.
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SIMPLIFIED FM TRANSIENT RESPONSE
When frequency modulation is considered as a method of transmitting video signals,
one of the many questions that arises is: What is the transient response of an FM
system? The term "transient response" refers here to the behavior of the system when
the input video wave changes rapidly from one voltage or current level to another. If the
FM system is to be perfect, the output should follow the input exactly. If it is less than
perfect, there may be a certain maximum speed at which the output can change from one
level to another, and there may be disturbances such as overshoot in the vicinity of the
transition.
In an FM system, there are several components which may contribute to the over-
all transient response: the modulator, transmission medium, linear amplifiers, lim-
iters, and frequency detector. The nonlinear sections of the system are more difficult
to handle than the linear amplifier, to which the present investigation is confined. The
investigation is even further confined to the consideration of a single tuned circuit.
The corresponding problem in amplitude modulation is quite simple and has been
handled many times. The impulse or step-function response of the tuned circuit is
calculated and the transient response to any other transient can be obtained from either
of these.. More complicated circuits can also be handled by straightforward means. The
reason that the analysis is simple is that superposition applies, but in the case of FM
transients superposition does not apply. This limits the available weapons of attack. In
the face of such mathematical odds, the researcher casts about for a simplification of
the problem that will permit solution with finite effort.
The simplification used here is that the response of the network is calculated only
to a sudden frequency jump. In this case the mathematics is much easier. This
approach has been taken in the literature. In one article (1) the sudden jump has been
considered impressed on the input of an ideal filter with infinitely sharp attenuation at
band edges and no phase shift. In another article (2) the transient has been considered
with several simple filters, but with the restriction that the amount of the frequency
jump is infinitesimal compared with the filter bandwidth, and that the initial and final
frequencies are right at the center of the filter band. Here we will consider only a
simple tuned circuit, but with the jump of variable and finite size, occurring at several
places within and adjacent to the circuit bandwidth.
The circuit shown in Fig. 1 is considered. The quantity T, which is the reciprocal
half-bandwidth, gives a convenient base for normalizing the time scale. It is also con-
venient in comparing the response obtained to the simple AM response of the same cir-
cuit, since the response to AM contains a simple exponential term having time constant
T. k1 and k 2 are therefore the differences between the driving frequencies and the cen-
ter frequency of the circuit normalized with respect to the half-bandwidth.
The desired answer is not just e(t), but the amplitude and angular frequency of e(t).
Therefore we get the answer in the form e(t) = A(t) cos §(t). In general e(t) does not
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Fig. 1 Circuit used in calculations. i(t) = cos w1 t, t<0O;
i(t) = cos fWt, t >0; center frequency of tuned cir-
cuit = 3; andwidth of tuned circuit = 2/T; =3
- k1 /T; )2 = 03 + k2 /T.
specify A(t) and (t) uniquely, but in the high-Q case each cycle of oscillation resembles
a sine wave, and the peak amplitude of the cycle is taken as A, and this defines . In
addition, in the high-Q case, w = d/dt [(t)] gives the rate of zero crossings of the
wave and is called the instantaneous angular frequency.
Since i(t) = cos w1t applies from t = -oo to t = 0_, e(t) for the same region of time
can easily be obtained from steady-state considerations. Therefore
e(t) = R cos(Wlt + 61), 61 = - tan t 
+k
and
~R d k ~lA(t) - R d1A(t)= - 2' = (Wt + 61) = 1 = 3 -1 +k 11
To get the solution for t > 0, we consider the differential equation of the circuit
i(t) + e(t)dt = cos 02ti(t - _T dt e(t)dt =os w
Initial conditions
The solution
are obtained from the solution for t < 0.
to this is
t
e(t) = R cos(W2 t + 62) + KReT
2
+k
cos(W3 t + 63)
t>0
6 2 = - tan
1 (2 2
The first term is the particular solution of the differential equation and is obtained
from steady-state considerations. The second term is the solution of the homogeneous
part of the equation and contains two constants, K and 63, which are used to match the
boundary conditions. These are e(O_) = e(O+) and iL(O_) = iL(O+). e C is the voltage
across the capacitor and thus is the output voltage, e. i L is the inductor current.
Matching the boundary conditions gives
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kl1 + 2 , 6 t 1 + k 1k2K = l 2 53 = tan
2 2 2 1J(1 + k)(+ k 2 )
The two terms in e(t) for t > 0 are combined to get a single term in the form e(t) =
A(t) cos (t) where
1 + B e - 2T + Be - T sin(k2 T - tan- lk) t
A(t) = T = T
1+k 22
kk +k l+k
k1kz + 2 -  k cos(k - tan k- tan -kz )
k +k 1 + k1 k 2 2kldM) k +k 2 -T 1+ + kt1+1 k
t2 - T'
(kl + k2 ) 2 2(kl + k)
1t= ='+' (kI + k +) t k e-T sin(kzT - tan- k l )1 + k1 21+ k 1
The expression w(t) is the one of primary interest and has been plotted for several values
of k1 and k2 (Figs. 2 to 4). The initial and final values of the transient are normalized
to zero and unity so that the shapes can readily be compared. To clarify the meaning of
k l and k2, note that the curve for k = k2 = 1 represents the case where the frequency
jumps from one half-power frequency of the tuned circuit to the other. In Fig. 2 the
jump is centered at the center frequency of the tuned circuit and the size of the jump is
varied. In Fig. 3 the size of the jump is held fixed and it is moved from one side to the
other of the tuned circuit. In Fig. 4 the final frequency (3) is held fixed and the initial
frequency (wl) is moved.
Figure 5 shows the rise time between 10 percent and 90 percent response and over-
shoot of o(t) plotted for various conditions. The rise time is expressed in units of T.
The independent variable used is the "decentering" of the transient which is the differ-
ence between the mean value of the initial and final frequency and the center frequency of
the tuned circuits. The parameter is the size of the jump. Three values of the para-
meter are used, a jump of twice the bandwidth of the tuned circuit, a jump equal to the
bandwidth of the tuned circuit, and a vanishingly small jump +. The values for the van-
ishingly small jump are obtained from the expression for w(t) by letting k approach -k 2
and keeping terms of the same order of magnitude as the frequency jump. Some simpli-
fication in the form of the expression occurs
kl + k -
't) = '2 - T (e cos hT)
= 1 +("2 1)(1 - e cos kT)
where k is the limit of k1 and -k 2 and T = t/T. In Fig. 6 a few of the amplitude tran-
sients A(t) are plotted.
In these calculations, the change in frequency occurs at the peak of the wave
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BFig. 2
Instantaneous frequency of voltage across tuned
circuit due to frequency jump in input current.
For these two curves, the frequency jumps
symmetrically about the center frequency of the
circuit. Curve A: size of jump= 2/T (full band-
width of circuit). Curve B: size of jump= 4/T
(twice full bandwidth).
1B
Fig. 3
Instantaneous frequency of voltage across
tuned circuit due to frequency jump in in-
put current. For these two curves, the
jump is the same size. Curve A: jump
centered about a point 3/2T above center
frequency of circuit. Curve B: jump
centered about a point 1/T below center
frequency.
Fig. 4
Instantaneous frequency of voltage
across tuned circuit due to frequency
jump in input current. For these two
curves, the terminal frequency (X2) is
held fixed while the size of jump
and decentering is varied. k = 3.
Curve A: size of jump = 2/T, decen-
tering = 2/T. Curve B: size of jump
= 4/T, decentering = 1/T.
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because the cosine was used in the expression for the driving current. The question
arises as to whether the point of switching makes any difference in the resulting tran-
sient. Another computation was carried out using the sine in the expression for the
driving current. The only difference that appears is that some terms in the answer get
multiplied by factors like J1 + (1/4Q2) where Q is the center frequency of the tuned cir-
cuit divided by the bandwidth. Since we are considering only high-Q circuits, and the
above expression approaches unity for even moderate Q's, it can be said that the
resulting transient is independent of the part of the cycle at which the switching takes
place.
From the curves it can readily be seen that the principle of superposition breaks
down. The rise time, overshoot and general shape of the transient depend upon the
size of the jump and its position with respect to the center of the tuned circuit. The
slowest response occurs for an incremental jump right at the center frequency of the
circuit. It has a rise time of 2. 2T which is just the rise time for a double sideband AM
transient at center frequency. The rise time falls to about half this at the band edges.
The performance for larger jumps is not intuitively obvious, as they have shorter rise
time than the smaller jump. Overshoot rises to high values if the second frequency, 2,
is not within the 3-db points, but stays below 8 percent if wl and 2 are within this band.
It would be convenient indeed if the behavior of the circuit to other forms of input
FM transients could be derived from these curves, but this is not the case. If the input
frequency is allowed to vary from 1 to W2 in any smooth manner, the mathematics be-
comes nearly impossible to deal with. Therefore, a multistage amplifier cannot be
dealt with stage by stage. It can be done, however, by working with the over-all trans-
fer function, assuming that there are no limiters in the cascade.
What then is the significance of these curves? It is only that they give the maximum
speed with which the circuit can respond to a transition from one frequency to another.
Although it cannot be proven mathematically with any of these techniques, one has a
feeling that if an input transient is fast, the output responds at the maximum speed
given here. If the transient is slow, one feels that the output will follow the input.
These results merely establish a boundary between the two regions.
It can certainly be said that commercial FM broadcast signals need not fear trans-
ient distortion. If a tuned circuit is wide enough to pass the full deviation, it has a
half-bandwidth of at least 75 kc/sec, and a time constant T in the neighborhood of 2 usec.
This is quite safe if the audio band is the normal 15 kc/sec. However, if one considers
television with present standards put on FM within a standard 6-Mc band, it can be seen
that there is some trouble since a single tuned circuit of standard quality (0. 08 Lsec rise
time) should be nearly 9 usec wide.
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